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The prospect of controlling entanglement in interacting quantum systems offers a myriad of tech-
nological and scientific promises, given the progress in experimental studies in systems such as
ultracold trapped gases. This control is often challenging because of decoherence, the process by
which environmental interactions create spurious entanglements that can destroy the desired en-
tanglement. Considering the collisional decoherence that is relevant for quantum measurements
utilizing scattering in one-dimensional trapped gases, here we derive a relationship between particle
masses and wave packet widths that minimizes the entanglement created during scattering. We
assess the relevance of our results by directly observing this relationship in the emergent scales of
a master equation for a particle undergoing nonthermal scattering. Our relationship is independent
of the details of the particle interactions and sheds light on how to design scattering processes that
minimize decoherence.
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From the foundational studies of the EPR paradox to
theestablishmentofBell’s inequalities, quantumentangle-
ment has lain at the heart of theoretical physics for the last
century [1, 2]. Entanglement is the essential nonclassical
behavior in which different components of a system can-
not be described independently even when they are spa-
tially separated. One of the greatest challenges in creating
and sustaining entanglement is decoherence, the process
in which desirable quantum correlations are suppressed by
the rapid formation of spurious entanglements between a
system and its environment. States that produce mini-
mal entanglement with the environment, so-called pointer
states, are of central interest to researchers working to cre-
ate quantum technologies [3].
Significant progress has been made in understanding
entanglement and decoherence in simplified systems, es-
pecially ones with discrete state variables. Experimental
investigations of entanglement have often focused on spin
systems with such discrete variables, but recent progress
in ultracold gases has opened a new avenue to explore en-
tanglement in systems with continuous variables [4, 5]. In
particular, one-dimensional laser-confined ultracold gases
have been experimentally realized [6], and the exact solu-
tions of the dynamics of one-dimensional Dirac delta and
hard-sphere gases [7, 8] offer an appealing setting to ob-
serve quantum entanglement that can be easily related to
theory.
The formationof entanglementcausedbyscatteringand
the resulting collisional docoherence between a particle
and a surrounding environmental gas have been exten-
sively studied. An important early result was that scatter-
ing of massless environmental particles off a heavy particle
of interest can be described by a master equation in which
the off-diagonal elements of the reduced density matrix
in the position basis decay with time [9]. This result has
since been refined [10, 11] and experimentally verified [12].
However, the decay of the off-diagonal density matrix el-
ements should not continue indefinitely but instead is ex-
pected to saturate at scales near the thermal de Broglie
wavelength λth ≡ h/
√
2pimkBT [9]. This saturation was
initially incorporated into the master equation formalism
by accounting for the recoil due to finite mass in Brown-
ian motion [13, 14]. Later more general master equations
were derived [15–17] and Gaussian solitons were identified
as potential pointer states [18, 19].
A limitation in this line of research is that the environ-
mental scattering particles have been modeled with the
ideal gas density matrix, which is diagonal in the momen-
tum basis. While this is a reasonable starting point to
account for thermal and translationally invariant environ-
ments, the problem is that the corresponding states are
delocalized, leading to a density matrix with an intrin-
sic length scale of λth in the off-diagonal direction but no
intrinsic length scale in the diagonal direction. This den-
sity matrix is not relevant to some nonequilibrium and
inhomogneous environments for which we wish to under-
stand entanglement formation. For example, the dynami-
cal motion of a single impurity particle in an ultracold one-
dimensional gas has attracted recent attention. Such an
impurity may be a neutral charge [20] or it may poses spin
thatdiffers fromthegas [21]. TheJosephsoneffectgenerat-
ing a supercurrent between neighboring one-dimensional
traps has also been of theoretical and experimental inter-
est [22, 23]. An impurity particle scattered by an ultracold
gas in a trap with geometry that varies laterally or in the
presence of a Josephson supercurrent will undergo colli-
sional decoherence because of scattering from the gas, but
the ideal gas density matrix is certainly not an appropriate
description of this environment. Indeed, the integrability
or near integrability of the dynamics in one-dimensional
systems of Dirac delta-interacting bosons precludes rapid
thermalization thatwould leadtoan ideal gas environment
[24]. If we wish to consider how collisional decoherence
could disrupt engineered entanglement in an experiment
studying such scattering, then the density matrix will have
to be confined in both the off-diagonal and diagonal direc-
tions since the trap is itself spatially localized. Such con-
siderations will be important in the future engineering of
quantum technologies. Thus, the question of the impact
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FIG. 1. Transmitted (T) and reflected (R) wave packets with m1 = 1 and m2 = 1/9 and a Dirac delta interaction potential
with: (a) a wide mass-width ratio (σ1 = 2, σ2 = 3), (b) the optimal mass-width ratio in Eq. (1) (σ1 = 1, σ2 = 3), and (c) a
narrow mass-width ratio (σ1 = 1/2, σ2 = 3). The dashed lines show the orientation of the principle axes of the reflected wave
packet. The principle axes are parallel with the coordinate axes when Eq. (1) is satisfied.
of environmental particle wave packet width on the deco-
herence of a particle in nonthermal environments is perti-
nent for technological interests.
Here, we derive a relationship that minimizes un-
desirable entanglement produced in quantum scatter-
ing. When restricted to two particles scattering in one-
dimension, the relationship takes the form
√
rσ2 = σ1, (1)
where σ1 and σ2 are the widths of the wave packets and
r = m2/m1 is the ratio of the particle masses, m1 and
m2. Our mass-width ratio relationship in Eq. (1) gen-
eralizes the natural scale λth that emerges in a thermal
environment to nonthermal environments. In addition to
illustrating and deriving our main result, we also derive a
master equation to show how Eq. (1) constrains the evo-
lution of the density matrix in a nonthermal environment.
For notational convenience, all quantities in the remain-
der of the text are presumed to be nondimensionalized by
appropriate scales unless otherwise noted. In particular,
masses are expressed in terms of a reference mamu of one
atomic mass unit, the thermal de Broglie wavelengthλth of
the massmamu is used to nondimensionalize length scales,
the thermal momentummamuvth =
√
mamukBT is used to
nondimensionalize momenta, and tc = λ
2
thmamu/h¯ is used
to nondimensionalize time.
We first consider a single scattering event and sup-
pose the wavefunction is initially an incident wave packet
ψinc(x1, x2, t). The product form ψinc(x1, x2, t) =
ψ1inc(x1, t)ψ
2
inc(x2, t) implies that the particles are initially
unentangled. In the scattering process, the incident wave
packet evolves into transmitted and reflected wave pack-
ets,
ψinc(x1, x2, t) −−−→
t→∞ ψrefl(x1, x2, t) + ψtrans(x1, x2, t).
(2)
Entanglement is created in this process first because the
centers of the reflected and transmitted wave packets dif-
fer. If one detects that the first particle reflected off (or
transmitted through) the second, then the position and
momentum of the second particle are constrained. This
form of entanglement resulting from recoil is clearly un-
avoidable, and is reflected by the fact that the sum in
Eq. (2) does not decompose into a product of independent
functions of x1 and x2 even when the incident wave packet
does. We will see that the transmitted wave packet itself
automaticallymaintainsaproduct formψtrans(x1, x2, t) =
ψ1trans(x1, t)ψ
2
trans(x2, t) when the incident wave packet
does. On the other hand, the reflected wave packet can-
not generally be written in a product form, which rep-
resents an additional form of entanglement produced by
the scattering. However, under the usual assumption that
the incident wave packet is unentangled, the product form
ψrefl(x1, x2, t) = ψ
1
refl(x1, t)ψ
2
refl(x2, t) does follow when
Eq. (1) is satisfied. Thus, if Eq. (1) holds, then the spu-
rious entanglement produced in the reflected wave packet
is eliminated and the entanglement produced by the scat-
tering is minimized.
For concreteness, consider the Hamiltonian H =
p21/2m1 + p
2
2/2m2 + aδ(x2 − x1), where δ is the Dirac
delta function. The evolution of the wave function
|ψ〉 ≡ ∫ dx1dx2 ψ(x1, x2, t)|x1〉 ⊗ |x1〉 is governed by the
Schro¨diner equation, id |ψ〉 /dt = H |ψ〉. Utilizing piece-
wise plane waves that diagonalize the Hamiltonian and the
known Hilbert transform of the Gaussian, we derive an ex-
act solution involving the error function that asymptoti-
cally approaches Gaussian wave packets in the t → ±∞
limits. Figure 1(a) shows the solution for three different
choices of wave packet widths during the scattering—the
explicit analytic form of this solution is not essential here
and is presented in the Appendix. This analytic solution
has been verified against direct numerical integration of
the Schro¨dinger equation. As shown in Fig. 2, the analyti-
cal solution and the numerical integration are in excellent
agreement.
The principle axes shown are the coordinates that di-
agonalize the quadratic exponential in the wavefunction.
These axes can be defined asymptotically for arbitrary in-
teraction potentials in the large time limit, but can also be
defined during scattering given the exact solution for this
interaction potential. The key feature of the wave pack-
ets that satisfy Eq. (1) is that the incident wave packet is
separable in both the laboratory and center-of-mass co-
ordinates. The asymptotic angle θ between the principle
axes of the reflected wave packet and the coordinate axes
can be analytically derived for the Dirac delta scattering
and is shown in Fig. 3(a). When Eq. (1) is satisfied, the
angle is zero and the only entanglement produced by the
scattering is the recoil form.
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FIG. 2. [(a) and (b)] Wavefunction amplitude and [(c) and
(d)] wavefunction phase for the analytic solution [(a) and
(c)] and the direct numerical integration [(b) and (d)] of the
Dirac delta scattering in center-of-mass coordinates, X =
(m1x1 +m2x2) /(m1 +m2) and y = x2−x1. The parameters
are the same as in Fig. 1(a).
To illustrate that the alignment of the principle axes of
thereflectedwavepacketdoesactuallyminimizetheentan-
glement created by the scattering, we consider the entan-
glement entropy S = Tr (ρ1 ln ρ1), where ρ1 = Tr2|ψ〉〈ψ|
is the reduced density matrix obtained by taking the par-
tial trace over the second particle. This measure quantifies
the degree to which the reduced density matrix fails to be
a pure state. The entanglement entropy was computed
along the trajectories of the three wave packets shown in
Fig. 1, and the evolution is shown in Fig. 3(b). The entropy
rises from zero during the scattering before approaching an
asymptotic value S∞ as t → ∞ after scattering. Figure
3(c) shows the asymptotic entropy S∞ as a function of the
ratio of the wave packet widths for a family of scattering
events. It is clear that the entropy is minimized exactly
when the principle axes of the reflected wave packet are
the laboratory coordinate axes (i.e., when θ = 0). It is
remarkable that the asymptotic entanglement entropy is
not only minimized when Eq. (1) is satisfied, but also that
the value of that minima appear to conincide for different
values of r.
We next consider possible generalizations beyond two-
particle, one-dimensional scattering. Consider N parti-
cles with mass mi, position xi, and momentum pi evolv-
ing under a Hamiltonian H =
∑
i
p2i
2mi
+ V ({xi − x1}).
Here, the interaction potential V depends only on the rel-
ative separation between particles, and thus the system
is invariant under translations, so that the total momen-
tum is conserved. Because of the translational invariance
of the Hamiltonian, the center-of-mass coordinates are
physically significant. The coordinate transformation to
the center of mass is given by X ≡ ∑jmjxj/M, yj ≡
xj − x1, and the inverse transformation is xj = yj +X−∑
kmkyk/M, where M =
∑
jmj and we take y1 ≡ 0 for
notational simplicity.
In the center-of-mass coordinates, the Schro¨dinger
equation is
i
∂ψ
∂t
= − 1
2M
∇2Xψ −
1
2m1
∑
j,k
∇yj · ∇ykψ
−
∑
j
1
2mj
∇2yjψ + V ({yj})ψ. (3)
Since Eq. (3) is autonomous with respect to X and
the derivative ∇X appears alone in the first term only,
it is possible to seek separated solutions of the form
ψ (X, {yj}, t) = φX(X, t)φy({yj}, t). Substituting this
separated solution into Eq. (3) and dividing by φXφy, it
is possible to perform a separation of variables. Thus φX
and φy satisfy independent Schro¨dinger equations.
The separated solutions maintain their product form
for all time, and thus the only requirement to ensure
a product form in the center-of-mass coordinates in
Eq. (3) is that the initial condition be in this prod-
uct form. Suppose the initial condition is Gaussian
in the (x1, · · · ,xN ) laboratory coordinates, ψ0({xj}) =
A exp
(∑
k,`,m α
k
`mx
`
kx
m
k + · · ·
)
, where A is a normaliza-
tion constant, αk is a negative-definite, symmetric matrix
encoding the spread of the kth particle and the indices `
andm denote Cartesian coordinates. Here, the additional
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FIG. 3. Entanglement measures for scattering events. (a) Asymptotic angle θ of the principle axes of the reflected wave vs.
width ratio for various choices of the mass ratio, where θ is zero when Eq. (1) is satisfied (dashed line). (b) Entanglement
entropy S vs. time for the scattering states in Fig. 1; S increases during scattering and approaches an asymptotic values after
scattering. (c) Asymptotic entanglement entropy S∞ vs. width ratio for the mass ratio as in Fig. 1; the entanglement produced
in the scattering is minimized exactly when the principle axes of the reflected wave packet coincide with the coordinate axes.
4terms denoted by · · · are linear in the x`k coordinates
and encode the initial positions and momenta of the par-
ticles. In the center-of-mass coordinates, the exponen-
tial will generally contain cross terms like X`ymj that are
not in the required product form for the separated so-
lutions. Employing the inverse transformation, it fol-
lows that the coefficient of the nonproduct term X`ymj is
2
(
αj`m −mj
∑
k α
k
`m/M
)
. If all these coefficients vanish
or, equivalently, if
mj/α
j
`m = mk/α
k
`m ∀ 1 ≤ j, k ≤ N & 1 ≤ `,m ≤ D, (4)
then all the nonproduct terms will vanish and the initial
state will be in a product form in both the center-of-mass
coordinates and the laboratory coordinates. Thus, Eq. (4)
generalizes Eq. (1) by the requirement that the solution be
separable in both the center-of-mass coordinates and the
laboratory coordinates.
The asymptotic behavior of an initial localized wave
packet can be described in the S matrix formalism [25].
Suppose that the initial state is exponentially localized in
momentum space (and thus position space as well),
|ψ〉 =
∫
dDp1 · · · dDpN |{pj}in〉e
∑
k,`,m α
k
`mp
`
kp
m
k +···, (5)
where |{pj}in〉 are the scattering in states that asymp-
totically approach a free particles with momenta pj as
t → −∞. The t → +∞ asymptotic behavior of 〈{xj}|ψ〉
can be found by expressing 〈{x}j | in terms of scatter-
ing out momentum states 〈{pj}out| using the fact that
they are asymptotically free particles and noting that
〈{p′k}out|{pj}in〉 = S({pj}, {p′k}) where S is the S ma-
trix. It follows that the wavefunction in the spatial coor-
dinate basis as t→∞ can be written
ψ(xj , t) =
∫
dp S({pj}, {p′k}) exp
[
i
∑
j
p′j · xj
− it
∑
j
pj
2
/2mj +
∑
k,`,m
αk`mp
`
kp
m
k + · · ·
]
,
(6)
where dp = dDp1dDp′1 · · · dDpNdDp′N is shorthand for
integration over all momenta variables. The S matrix will
generally contain energy conserving Dirac delta factors
that will result in reflected and transmitted wave packets
in this integration. Furthermore, the asymptotic behavior
of the remainingexponential integral canbe foundwith the
method of steepest descent (assuming the S matrix does
not have other exponential dependence on its arguments
or poles corresponding to bound states), and will result
in exponential localization of the wavefunction in position
space. Even in one dimension, the asymptotic form will
not generally be strictly Gaussian when the initial state
is because of the S matrix contribution, although it will
be exponentially localized. In more than one dimension,
the corresponding localization will be to a spherical shell
in the reflected wave packet, and a more explicit partial
wave analysis is called for. However, as we argued pre-
viously, this wavefunction will necessarily be separable in
the center-of-mass coordinates when Eq. (4) is satisfied.
For the one-dimensional scattering case above, we saw a
clear connection between separability in the center of mass
coordinate system and minimization of entanglement pro-
duced by scattering. It remains an open question to what
extent this center-of-mass separability continues to min-
imize entanglement in this more general setting, but we
conjecture that the center-of-mass seperable states are in-
deed also the entanglement entropy minimizing states in
higher dimensions as well.
To assess the relevance of Eq. (1) to collisional
decoherence in nonthermal environments relevant for
trapped one-dimensional ultracold gases, we next de-
rive a master equation for a one-dimensional particle
subject to repeated scattering by environmental par-
ticles of fixed width. Following the derivation in
Ref. [17], we consider scattering that occurs at a rate
given by the quantum collision rate operator Γ =
γ
∫
dp1dp2 |prel1 (p2)|σtot(prel1 (p2))|p1, p2〉〈p1, p2| with σtot
denoting the total cross section, γ a constant related to
the number of environmental particles, and relative mo-
mentum given by prel1 (p2) ≡ (m2p1 −m1p2) /(m1 +m2).
We denote theSmatrix elements describing the scattering
between the system particle and environmental particles
with initial and final total momentum Pi,f and relative
momenta pi,f , respectively, by
Sif = δ(Pi − Pf )
[
δ(pi − pf )− if(pi, pf )
pi
δ
(
p2i − p2f
)]
,
(7)
where f(pi, pf ) is the scattering amplitude.
The master equation is given by dρ/dt =
Trenv
(
Γ1/2S (ρ⊗ ρenv)S†Γ1/2
)
, where ρenv is the
density matrix of the environmental particles. Here, un-
like in Ref. [17], evaluating the trace over the environment
in the momentum basis is possible without regularization:
∂ρ(p1, p
′
1)
∂t
=
∫
dp2 K−(p2, p1, p′1)ρ
[
2p2 + (1− r)p1
1 + r
,
2p2 + (1− r)p′1
1 + r
]
ρenv
[
2rp1 − (1− r)p2
1 + r
,
2rp′1 − (1− r)p2
1 + r
]
−
∫
dp2 K+(p2, p1, p
′
1)ρ(p1, p
′
1)ρenv(p2, p2)−
i
(
p21 − p′12
)
2m1
ρ(p1, p
′
1), (8)
K±(p2, p1, p′1) ≡ (2pi)2γf
(
prel1 (p2),±prel1 (p2)
)
f
(
p′1
rel
(p2),±p′1rel(p2)
)√√√√σtot [prel1 (p2)]σtot [p′1rel(p2)]
|prel1 (p2)||p′1rel(p2)|
. (9)
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FIG. 4. (a) Steady-state density matrix of an initially localized state with σ2 = 0.125 and r = 4. The ensemble width lwidth
describes the classical spread in the possible positions of the particle, while the correlation length lcor describes the scale of
the quantum correlations. These length scales are quantified as the full width at half maximum. (b) Steady state lcor and (c)
lwidth vs.
√
rσ2 for a variety of mass ratios r, where the identity function is shown as a reference. The correlation length is
always comparable to
√
rσ2, while the ensemble width approaches
√
rσ2 for large σ2.
To explore the effect of scatterer length scale for envi-
ronments other than the ideal gas, we consider an artificial
environment consisting of Gaussian particles near the ori-
gin, with momentum space density matrix
ρenv(p2, p
′
2) =
√
2σ22
pi
e−σ
2
2(p
2
2+p
′
2
2). (10)
Such an environmental density matrix could be applica-
ble in describing an impurity particle under the influence
of scattering by a trapped one-dimensional ultracold gas.
For example, the trapgeometrycanvaryona lateral length
scale comparable to the thermal de Broglie wavelength of
the gas. First, this is because the temperature is small,
and thus the de Broglie wavelengths of all the particles are
large. Secondly, the current trap designs permit micro- or
nano-scale variations in the trap potential, so that the en-
vironmental conditions experienced by an impurity atom
can vary over short length scales. In this case, the trans-
lationally invariant ideal gas density matrix may be less
appropriate than the density matrix in Eq. (10), which
explicity breaks translational invariance. Another possi-
ble application of Eq. (10) could be to an impurity parti-
cle in the vicinity of a Josephson supercurrent in a dilute
one-dimensional ultracold gas, since we expect a constant
source of localized and dilute gas particles to be present
near the tunneling point. In these examples, note that the
mass- and length-scales of the gas particles and the impu-
rity particle can be comparable, so that common approxi-
mations of heavy system particles and light environmental
particles employed in previous work focused on collisional
decoherence may not be applicable.
Figure 4 shows results from the numerical integration
of Eqs. (8) and (9) using the environment in Eq. (10) with
Dirac delta interaction potentials for a variety of mass ra-
tios r and environmental particle widths σ2. For the Dirac
delta potential, the S matrix (and the resulting scattering
amplitudef andtotal cross sectionσtot) canbedetermined
throughscatteringtheoryor, equivalently, bysummingthe
Dyson series [25],
Sif = δ(Pi−Pf )
δ(pi − pf ) + iaµ|pi|δ(p2i−p2f2 )|pi|−iaµ
 , (11)
so that f(pi, pf ) =
−2piaµ|pi|
|pi|−iaµ and σtot(pi) =
2a2µ2
|pi|2+a2µ2 .
We fix the intrinsic momentum scale aµ = 1, and, to en-
sure comparable scattering rates, the particle density con-
stant γ scales with σ2 as γ = 10 × √σ2. Then, starting
from a Gaussian initial condition with width σ1 =
√
rσ2,
the density matrix is found to converge to a steady state
after approximately t > 10, as shown in the position basis
in Fig. 4(a). To demonstrate the importance of the mass-
width ratio relationship in Eq. (1), we show how the length
scales lwidth and lcor vary with r and σ2 in Figs. 4(b) and
4(c). We find that the correlation length is close to the pre-
dicted width
√
rσ2 in all cases, while the ensemble width
approaches this length as σ2 increases.
In summary, we have studied the entanglement cre-
ated by scattering particles in a nonthermal environ-
ments. We recognized two forms of entanglement created
by scattering—the first based on recoil and the second
based on the deformation of the principle axes of the re-
flected wave packet—and found that the second form can
be eliminated when our mass-width ratio relationship in
Eq. (1) is satisfied. To assess the relevance of this rela-
tionship to collisional decoherence, we derived a master
equation for a particular environment of scatterers and
found that the emergent scales of its steady states fol-
lowed the mass-width ratio relation. While we focused
on one-dimensional scattering between pairs of particles,
we noted possible generalization to more dimensions and
many-body scattering, and we suggested that separabil-
ity in multiple physically important coordinate systems,
like the center-of-mass and laboratory coordinate systems
here, may be a more general feature of entanglement min-
imizing states. On the other hand, generalization to many
particles in the one-dimensional delta-interacting gas may
be possible with the exact Bethe ansatz [7] or inverse scat-
tering solutions [8]. Given the contrast between the com-
plexity of the Bethe ansatz and the simplicity of the two
particle scattering here, however, we leave this possibility
open to future research.
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APPENDIX: ANALYTIC SOLUTION
DESCRIPTION
The analytic solution to the Dirac delta scattering is
implemented symbolically in the supplemental Mathe-
matica notebook [26]. The form of the solution is piece-
wise, with ψ(x1, x2, t) = ψinc(x1, x2, t) + ψrefl(x1, x2, t)
for x2 − x1 ≤ 0 and ψ(x1, x2, t) = ψtrans(x1, x2, t) for
x2 − x1 ≥ 0. The solution follows straightfowardly from
the eigenbasis
ψqk(x1, x2) =
{
eiqX+iky + aµik−aµe
iqX−iky for y ≤ 0,
ik
ik−aµe
iqX+iky for y ≥ 0,
(A1)
where y = x2 − x1 andX = m1x1+m2x2m1+m2 . Here we take
ψ(x1, x2, t) =
∫
dqdk ψ˜0(q, k)ψqk(x1, x2)
× e−itq2/2(m1+m2)−itk2(m1+m2)/2m1m2 ,
(A2)
where ψ˜0(q, k) is the Fourier transform of the Gaussian
initial condition
ψ0(x1, x2) =
(
(2pi)
2
σ21σ
2
2
)−1/4
exp
[
ik0(x2 − x1)
−
(
m2y0
m1 +m2
−X0 + x1
)2
/4σ21
−
(
− m1y0
m1 +m2
−X0 + x2
)2
/4σ22
]
(A3)
The explicit form for the incident wave packet is
ψinc(X, y,t) =
(− (2m1m2σ1σ2) /(pi (t−2im1σ21) (t−2im2σ22)))1/2 exp (((it (X2−2 (X0−2ik0σ21)X+X20−4ik0X0σ21
+ 4k0σ
2
1
(
k0σ
2
2 − iy0
))
+ 2m2
((
σ21 + σ
2
2
)
X2 − 2 (−yσ21 + y0σ21 +X0 (σ21 + σ22))X + y2σ21 +X20σ21
+ y20σ
2
1 − 2yX0σ21 + 2 (X0 − y) y0σ21 +X20σ22 − 4iyk0σ21σ22
))
m31 +
(−2k0 (k0 (σ21 + σ22)− iy0) t2
+m2
(
3iX2 − 6iX0X + 4k0
(
σ22 − 2σ21
)
X + iy2 + 3iX20 + iy
2
0 + 4yk0σ
2
1 + 8k0X0σ
2
1 + 4k0y0σ
2
1
+ 12ik20σ
2
1σ
2
2 + 4yk0σ
2
2 − 4k0X0σ22 − 2iyy0
)
t+ 4m22
((
σ21 + σ
2
2
)
X2 − (y0 (σ21 − σ22)+ y (σ22 − σ21)
+ 2X0
(
σ21 + σ
2
2
))
X +X20σ
2
1 − yX0σ21 +X0y0σ21 +X20σ22 − 4iyk0σ21σ22 + yX0σ22 −X0y0σ22
))
m21
+m2
(−4k0 (k0 (σ21 + σ22)− iy0) t2 +m2 (3iX2 + (−4k0σ21 + 8k0σ22 − 6iX0)X + iy2 + 3iX20 + iy20
+ 4yk0σ
2
1 + 4k0X0σ
2
1 + 12ik
2
0σ
2
1σ
2
2 + 4yk0σ
2
2 − 8k0X0σ22 + 4k0y0σ22 − 2iyy0
)
t+ 2m22
((
σ21 + σ
2
2
)
X2
− 2 ((y − y0)σ22 +X0 (σ21 + σ22))X + 2X0 (y − y0)σ22 + (y2 − 4ik0σ21y − 2y0y + y20)σ22
+X20
(
σ21 + σ
2
2
)))
m1 + tm
2
2
(
im2
(
X2 − 2 (2ik0σ22 +X0)X +X20 + 4ik0X0σ22 + 4k0 (k0σ21 − iy0)σ22)
− 2tk0
(
k0
(
σ21 + σ
2
2
)− iy0))) /(2 (m1 +m2) 2 (t− 2im1σ21) (t− 2im2σ22))) .
(A4)
The explicit form for the reflected wave packet is
ψrefl(X, y,t)
= am1m2
(
(σ1σ2) /
(
2m21σ
2
1 + itm1 +m2
(
2m2σ
2
2 + it
)))1/2
exp
((
m1m2 (m1 +m2)
(
2m1σ
2
1 + it
) (
2m2σ
2
2 + it
)
a2
− 2m1m2
(
2m21
(
2ik0σ
2
2 −X + y +X0 + y0
)
σ21 + 2m
2
2
(
2ik0σ
2
1 +X + y −X0 + y0
)
σ22 + 2m1m2
(
4ik0σ
2
1σ
2
2
+X0
(
σ21 − σ22
)
+X
(
σ22 − σ21
))
+ itm1
(
y + y0 + 2ik0
(
σ21 + σ
2
2
))
+ itm2
(
y + y0 + 2ik0
(
σ21 + σ
2
2
)))
a
− (m1 +m2)
((
X2 − 2 (X0 − 2ik0σ21)X +X20 − 4ik0X0σ21 + 4k0σ21 (k0σ22 − iy0))m21
+ 2
(
m2
(
X2 − 2X0X + 2ik0
(
σ21 − σ22
)
X +X20 + 4k
2
0σ
2
1σ
2
2 − 2ik0X0
(
σ21 − σ22
))
+ tk0
(
y0 + ik0
(
σ21 + σ
2
2
)))
m1 +m2
(
2tk0
(
y0 + ik0
(
σ21 + σ
2
2
))
+m2
(
X2 − 2 (2ik0σ22 +X0)X +X20
+ 4ik0X0σ
2
2 + 4k0
(
k0σ
2
1 − iy0
)
σ22
))))
/
(
2 (m1 +m2)
(
2m21σ
2
1 + itm1 +m2
(
2m2σ
2
2 + it
))))
×erfc
(((
m1m2
(
2m21
(−2ik0σ22 +X − y −X0 − y0)σ21 − 2m22 (2ik0σ21 +X + y −X0 + y0)σ22
+ a (m1 +m2)
(
2m1σ
2
1 + it
) (
2m2σ
2
2 + it
)
+ 2m1m2
(−4ik0σ21σ22 +X (σ21 − σ22)+X0 (σ22 − σ21))
− itm1
(
y + y0 + 2ik0
(
σ21 + σ
2
2
))− itm2 (y + y0 + 2ik0 (σ21 + σ22))) 2) /(2 (m1 +m2) 2 (2m1σ21 + it)
× (2m2σ22 + it) (2m21σ21 + itm1 +m2 (2m2σ22 + it))))1/2) .
(A5)
7The explicit form for the transmitted wave packet is
ψtrans(X, y,t) =
(− (2m1m2σ1σ2) /(pi (t− 2im1σ21) (t− 2im2σ22)))1/2 exp (− ((m1 +m2) (2 (m1 +m2)σ21σ22
+ it
(
σ21 + σ
2
2
))
k20
)
/
(
2m21σ
2
1 + itm1 +m2
(
2m2σ
2
2 + it
))
+
(
i
(
2m21 (−X +X0 + y0)σ21 + 2m22 (X −X0 + y0)σ22 + itm1y0 + itm2y0
−2m1m2 (X−X0)
(
σ21−σ22
))
k0
)
/
(
2m21σ
2
1 +itm1+m2
(
2m2σ
2
2 +it
))−((m1+m2) 2 (X−X0) 2) /(4m21σ21
+ 4m22σ
2
2 + 2itm1 + 2itm2
)− (m1m2 (2m21 (2ik0σ22 −X − y +X0 + y0)σ21
+ 2m22
(
2ik0σ
2
1 +X − y −X0 + y0
)
σ22 + 2m1m2
(
4ik0σ
2
1σ
2
2 +X0
(
σ21 − σ22
)
+X
(
σ22 − σ21
))
+ itm1
(−y + y0 + 2ik0 (σ21 + σ22))+ itm2 (−y + y0 + 2ik0 (σ21 + σ22))) 2) /(2 (m1 +m2) 2 (2m1σ21 + it)
× (2m2σ22 + it) (2m21σ21 + itm1 +m2 (2m2σ22 + it)))) (a exp (− (m1m2 (2m21
× (−2ik0σ22 +X + y −X0 − y0)σ21 − 2m22 (2ik0σ21 +X − y −X0 + y0)σ22 + a (m1 +m2) (2m1σ21 + it)
× (2m2σ22 + it)+ 2m1m2 (−4ik0σ21σ22 +X (σ21 − σ22)+X0 (σ22 − σ21))+ tm1 (iy − iy0 + 2k0 (σ21 + σ22))
+ tm2
(
iy − iy0 + 2k0
(
σ21 + σ
2
2
)))
2
)
/
(
2 (m1 +m2)
2
(
2m1σ
2
1 + it
) (
2m2σ
2
2 + it
)
× (2m21σ21 + itm1 +m2 (2m2σ22 + it)))) (pi)1/2 erfc((− (m1m2 (2m21 (−2ik0σ22 +X + y −X0 − y0)σ21
− 2m22
(
2ik0σ
2
1 +X − y −X0 + y0
)
σ22 + a (m1 +m2)
(
2m1σ
2
1 + it
) (
2m2σ
2
2 + it
)
+ 2m1m2
(−4ik0σ21σ22 +X (σ21 − σ22)+X0 (σ22 − σ21))+ tm1 (iy − iy0 + 2k0 (σ21 + σ22))
+ tm2
(
iy − iy0 + 2k0
(
σ21 + σ
2
2
)))
2
)
/
(
2 (m1 +m2)
2
(
2m1σ
2
1 + it
) (
2m2σ
2
2 + it
)
× (2m21σ21 + itm1 +m2 (2m2σ22 + it))))1/2) (− (m1m2 (2m1σ21 + it) (2m2σ22 + it)) /
× (4m21σ21 + 4m22σ22 + 2itm1 + 2itm2))1/2 − 1/((2)1/2 (2m21 (2ik0σ22 −X − y +X0 + y0)σ21
+ 2m22
(
2ik0σ
2
1 +X − y −X0 + y0
)
σ22 + a (m1 +m2)
(
t− 2im1σ21
) (
t− 2im2σ22
)
+ 2m1m2
(
4ik0σ
2
1σ
2
2 +X0
(
σ21 − σ22
)
+X
(
σ22 − σ21
))
+ itm1
(−y + y0 + 2ik0 (σ21 + σ22))
+ itm2
(−y + y0 + 2ik0 (σ21 + σ22))))) .
(A6)
Since these equations were generated automatically from Mathematica output, they may not be in their simplest possible
forms. However, symbolic manipulation of these equations with Mathematica makes them amenable to systematic
computational analysis.
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